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Abstract 



The aim of this paper is to present the main geometrical objects on 
the dual 1-jet bundle J^*{T,M) (this is the polymomentum phase space 
r^ , of the De Bonder- Weyl covariant Hamiltonian formulation of field the- 

ory) that characterize our approach of multi-time Hamilton geometry. In 
this direction, we firstly introduce the geometrical concept of a nonlinear 
ri . connection A'^ on the dual 1-jet space J^*{T,M). Then, starting with 

a given A'^-linear connection D on J^*{T,M), we describe the adapted 
components of the torsion, curvature and deflection distinguished tensors 
attached to the A^-linear connection D. 
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O ■ 1 Introduction 

r-^ ■ It is vifcU known that the 1-jet spaces are the basic mathematical objects 

QQ I used in the study of classical and quantum field theories. For this reason, the 

^^ ■ differential geometry of 1-jet bundles was intensively studied by a lot of authors 

like, for example, (in chronological order) Saunders [22], Asanov [4], Neagu and 
Udri§te [21], [19]. 

K% ' In the last decades, numerous physicists and geometers were preoccupied 

t^ i with the development of a branch of mathematical-physics, which is situated at 

the junction of the Theoretical Physics with the Differential Geometry and the 
Theory of PDEs. This branch of mathematical-physics is characterized, on the 
one hand (from the point of view of physicists), by the geometrical quantization 
of the covariant Hamiltonian field theories, and, on the other hand (from the 
point of view of geometers), by the geometrization of ordinary Lagrangians 
and Hamiltonians from Analytical Mechanics or of multi-time Lagrangians and 
Hamiltonians used in Theoretical Physics. 

In order to reach their aim, the physicists use in their studies that so- 
called the covariant Hamiltonian geometry of physical fields, which is the multi- 
parameter, or multi-time, extension of the classical Hamiltonian formulation 
from Mechanics. 



It is important to point out that the covariant Hamiltonian geometry of 
physical fields appears in the literature of specialty in three distinct variants (the 
multisymplectic geometry, the polysymplectic geometry and the De Bonder- Weyl 
covariant Hamiltonian geometry) , which differ by the phase space used in study. 
All these three different alternative extensions of the Hamiltonian formulation to 
field theory (these extensions originate from the calculus of variations of multiple 
integrals) reduce to the classical Hamiltonian formalism from Mechanics if the 
number of space-time dimensions equals to one. 

Using the technics of the symplectic geometry, the multisymplectic covariant 
geometry of physical fields is developed by Gotay, Isenberg, Marsden, Mont- 
gomery and their co- workers [10], [11] on a finite-dimensional multisymplectic 
phase space. 

In order to quantize the covariant Hamiltonian field theory (this is the final 
purpose in the framework of quantum field theory), Giachetta, Mangiarotti and 
Sardanashvily [8], [9] develop the polysymplectic Hamiltonian geometry, which 
studies the relations between the equations of first order Lagrangian field theory 
on fiber bundles and the covariant Hamilton equations on a finite-dimensional 
polysymplectic phase space. 

Another convenient approach for quantization of the Hamiltonian field the- 
ory is the De Bonder- Weyl Hamiltonian canonical formulation of field theory 
(this is known for about 80 years), which is intensively studied by Kanatchikov 
(please see [12], [13], [14] and references therein) as opposed to the conven- 
tional field-theoretical Hamiltonian formalism, which requires the space -|- time 
decomposition and leads to the picture of a field as a mechanical system with 
infinitely many degrees of freedom. The De Bonder- Weyl Hamiltonian approach 
is achieved by assigning the canonical momentum like variables to the whole set 
of space-time derivatives of a field, that is dtx^ -^ p^, where x* denote field vari- 
ables (i — 1, ...,n), f^ are space-time variables (a = 1, ..., m), dbX^ are space-time 
derivatives (or first jets) of field variables and p^ denote polymomenta. 

In this direction, in the De Bonder- Weyl polymomentum canonical theory, 
given a Lagrangian function L = L{t°' ,x^ ,di,x^), the polymomenta are intro- 
duced by the formula p^ :— dL/d{di,x^) and the corresponding Be Bonder- 
Weyl Hamiltonian function is given by H :~ [daX^j pi — L, where it is obvi- 
ous that _ff is a function of variables z^ := (i",a;%p°). In these variables the 
Euler-Lagrange field equations can be equivalent rewritten in the form of Be 
Bonder-Weyl Hamiltonian field equations [12], [13] 

dx' _ dH dpf _ dH 

which, for m = 1, reduce to the standard Hamilton- Jacobi equations from Me- 
chanics, and for ?Ti > 1, provide a multi-time covariant generalization of the 
Hamiltonian formalism. 

From the perspective of geometers, we point out that, following the geomet- 
rical ideas initially stated by Asanov in the paper [4], a multi-time Lagrange 
contravariant geometry on 1-jet spaces (in the sense of distinguished connec- 



tions, torsions and curvatures) was recently developed by Neagu and Udri§te 
[19], [21]. This geometrical theory is a natural multi-time extension on 1-jet 
spaces of the already classical Lagrange geometrical theory of the tangent bun- 
dle elaborated by Miron and Anastasiei [16]. On the other hand, suggested 
by the field theoretical extension of the basic structures of classical Analytical 
Mechanics within the framework of the De Bonder- Weyl covariant Hamiltonian 
formulation, the studies of Miron [15], Atanasiu [5], [6] and others led to the 
development of the Hamilton geometry of the cotangent bundle exposed in the 
book [17]. 

In such a physical and geometrical context, the aim of this paper is to expose 
the basic geometrical objects (such as the distinguished connections, torsions 
and curvatures) on the dual 1-jet vector bundle J^*{T,M) (the polymomen- 
tum phase space), coordinated by {t"-,x\pf), where a = l,m and i = l,n. 
This geometrical theory (which finally represents a geometrization for multi- 
time Hamiltonian functions) is called by us the multi-time covariant Hamilton 
geometry. Note that the multi-time covariant Hamilton geometry is a natural 
multi-time generalization of the Hamilton geometry of the cotangent bundle 
[17]. We sincerely hope that the geometrical results exposed in this paper to 
have a physical meaning for physicists, physical meaning which we do not know 
yet. 

Finally, we would like to point out that the multi-time Legendre jet dual- 
ity between this multi-time covariant Hamilton geometry and the already con- 
structed multi-time contravariant Lagrange geometry [19] (this is a geometriza- 
tion for jet multi-time Lagrangian functions, which is different of the geometriza- 
tion from the paper [18]) is a part of our work in progress and represents a 
general direction for our future studies. 

2 The dual 1-jet bundle J^* (T, M) 

Let T and M be two smooth manifolds of dimensions m, respectively n, 
whose local coordinates are {t°')a='rm > respectively {x^)i^Yn ■ 

Remark 2.1 i) Throughout this paper all geometrical objects and all mappings 
are considered of class C°° , expressed by the words differentiable or smooth. 
ii) Note that the indices a,b,c,d,e, f,g,h run over the set {1, 2, ...,?n}, the 
indices i,j, fc, l,p, q, r, s run over the set {1, 2, ..., n}, and the Einstein convention 
of summation is adopted all over this work. 

Let us consider the 1-jet vector bundle J^ (T, M) ^ T x M which has the 
coordinates (t" , x* , x^ ) and the fibre type M™". 

Remark 2.2 From a physical point of view, we use the following terminology: 

• The manifold T is regarded as a temporal manifold, or a multi-time 
manifold. Note that our temporal coordinates i" are like the space-time 
variables in the De Donder-Weyl covariant Hamilton geometry [12], [14]. 



• The manifold M is regarded as a spatial one. Note that our spatial co- 
ordinates X* denote the field variables in the De Bonder- Weyl covariant 
Hamilton geometry [12], [13], [14]- 

• The coordinates x^ are regarded by us as partial directions or partial 
velocities. Note that, in the De Donder- Weyl covariant Hamilton geom- 
etry [12], [13], [14], the coordinates x]^ are space-time derivatives (or first 
jets) of the field variables. 

• The fibre bundle J^ (T, M) -^ T x M is regarded as a bundle of config- 
urations. This is because in the particular case T = M (i.e., the temporal 
manifold T coincides with the usual time axis represented by the set of 
real numbers R), we recover the bundle of configurations which character- 
izes the classical non- autonomous mechanics. For more details, please see 
Abraham and Marsden [1] and Bucdtaru and Miron ]7]. 

In order to simplify the notations, we will use the notation E = J^ (T, M). 
We recall that the transformation of coordinates (t°,a;*,a:^) < — > (i",x%x^), 
induced from T x M on the 1-jct space E, are given by 



r = r {t^) , det ^ 



dx'^ 
dxi 



^0, 



(2.1) 



x^ — x^ (x-') , det 

.^ _ dx' dt^ J 

Remark 2.3 LetM.xTM be the trivial bundle over the base tangent space TM, 
whose coordinates induced by TM are (t, x*,y*), i — l,n, n = dimM, f G M 
being a temporal parameter. Then, the changes of coordinates on the trivial 
bundle M x TM -^ TM are given by 



( t^t, 

X* — X* (x^) 
9x* - 



y 



dx3 



r 



A time dependent Lagrangian function for M is a real valued function L on 
E = R X TM. Such Lagrangians (called rheonomic or non- autonomous) are 
important for variational calculus and non- autonomous mechanics. A rheo- 
nomic Lagrange geometry on the trivial bundle E = M x TM was developed 
by Anastasiei, Kawaguchi and Miron [2], [3], [16]. 

More general, let us consider the l-jet bundle E = J^(R, M) = M x TM over 
the product manifold R x M . Then, the changes of coordinates on E have the 



r 



TlV 



form 

i^i{t), 

X* — x^ (a;-') , 

dx' dt 

'd^'dr 

These transformations of coordinates point out the relativistic character played 
by the time t in the non- autonomous mechanics. A relativistic rheonomic 
Lagrange geometry on the 1-jet bundle E — J^(]R, M) was developed by Neagu 
in [20]. This geometry has many similarities with the geometry elaborated by 
Anastasiei, Kawaguchi and Miron, but they are however distinct ones. 



Using the general theory of vector bundles, we can consider the dual 1-jet 
vector bundle E* — J^*{T,M), whose fibre type is also R™". In fact, the 
construction of the dual 1-jet vector bundle relies on the substitution of coordi- 
nates x^ -^ Pi, that is if i<^ = J^ (T, M) is coordinated by (i", x*, x^) , then the 
corresponding dual 1-jet space E* — J^* {T,M) is coordinated by (i",x%p^) . 
Moreover, the transformation of coordinates (i°,a;%p") ^^ (t'',x*,p°), induced 
from T X M on the dual 1-jet space E* , are given by 



fa ^ la (-^6^ ^ 

X* — X* (x^) , 



det ( ^ ) 7^ 0, 
det(||)^0. 



(2.2) 



Pi 



dx' dtb^^' 



According to Kanatchikov's physical terminology [13], we introduce 



Definition 2.4 The coordinates pf, a ~ l,m, i ~ l,n, are called polymo- 
menta, and the dual 1-jet space E* is called the polymomentum phase 
space. 



Remark 2.5 Let M x T*M be the trivial bundle over the base cotangent space 
T*M, whose coordinates induced by T*M are (t,x^,pi) , z = l,n, n = dimM, 
i G M being temporal parameter. Then, the changes of coordinates on the trivial 
bundle RxT*M ^T*M are given by 



t:^t 



Pt 



X* (x^) 
dx>>_ 



A time dependent Hamiltonian function for M is a real valued function H on 
E* = R X T*M. Such Hamiltonians (called rheonomic or non- autonomous) 



are important for covariant Hamiltonian approach of non- autonomous mechan- 
ics. A geometrization of these Hamiltonians on the trivial bundle E* = M.xT* M 
is studied by Miron, Atanasiu and their co-workers [5], [6], [17]. 

More general, in our jet geometrical approach, we use a relativistic time t. 
This is because we have a change of coordinates (induced on E* = M x T*M by 
the product manifold M x M) of the form 




The above two groups of transformations of coordinates are in use for the 
Hamilton geometry that study the metrical structure 

g"Ht,x,p) 



2 dpidpj 

Doing a transformation of coordinates (|2.2p on E*, we find the following 
results: 

( d d d ] 
Proposition 2.6 The local natural basis < — — , — — r, — — > of the Lie algebra 

I dt°- ox^ dpi J 

of the vector fields x{E*) transforms by the laws: 

d _dP' d dp] d 
W ^ dFW^ dt<^ dpy 

dx^ dx^ dxi dx^ dp] ' 

d _dP' dx^ d 
dpi dt"- dx^ dp] ' 

Proposition 2.7 The local natural cobasis { di" , dx* , dp° } of the algebra Lie of 
the covector fields x* {E*) transforms by the laws: 

aj-a 

dt- = %dt\ 
dtb ' 

dx^ = ^dx^, (2.4) 

dp^^^dP' + ^di^-.^^dp"- 

^' dfb ^ dx^ ^ dt'^dx^^'- 
3 Nonlinear connections 

Taking into account the complicated transformation rules (|2.3[) and (|2.4p . we 
need a nonlinear connection on the dual 1-jet space E* , in order to construct 



some adapted bases whose transformation rules to be more simple (tcnsorial 
ones, for instance). 

Let u* = (f^jX^jpf) G E* be an arbitrary point and let us consider the 
differential map 

of the canonical projection tt* : E* ^ T x M, tt* (u*) — {t,x), together with 
its vector subspace W„« = Ker n* ,^„. C T^'E* . Because the differential map 
TT* , „. is a surjection, we find that we have diniR W„. = mn and, moreover, a 

{ d ^ 
basis in Wu* is determined by < — — 

I dpt . 
So, the map 

W:u* CE* ->Wu' cTu*E* 

is a differential distribution which is called the vertical distribution on the dual 
1-jet vector bundle E* . 

Definition 3.1 A differential distribution H : u* E E* ^ iJ„. C Tu*E* , which 
is supplementary to the vertical distribution W, i. e. 

T^,E*=H^,®W^,,yu*eE*, (3.1) 

is called a nonlinear connection on E* (TC is also called the horizontal 
distribution on E* ). 

The above definition implies that dimR_fftj* = ?Ti + n, V u* G E*, and that 
the Lie algebra of the vector fields x (E*) can be decomposed in the direct sum 
X [E*) =S{H)®S (W) , where S (H) (resp. S (W)) is the set of diffcrentiable 
sections on H (resp. W). 

Supposing that 7i is a fixed nonlinear connection on E* , we have the iso- 
morphism 



TT 



'H„* 



H^'^T^*(un{TxM), 



which allows us to prove the following result: 

Theorem 3.2 i) There exist the unique, linear independent, horizontal vector 
fields - — , - — r G S {'H), having the properties: 

5 \ _ d / 5 \ _ d 

ii) The horizontal vector fields - — and - — r can be uniquely written in the 
form: 

5 _ d Ai C") ^ 5 _ d AT C") ^ 



in) With respect to a transformation of coordinates i2.S^) on E* , the 
dents N/j\^ and N/ju obey the rules 

^~ (b) di" ^^ (c) aP dx^ dp] 



' U)c-Kr^ - 'nk)a- 



(3.4) 



~ {b) dS^ _ (c) di}^dx^ _dp^ 

iv) To give a nonlinear connection Ti on E* is equivalent to give a set of 
local functions N = ^(j)a, ^{j)i I which transform by the rules Jg.^p . 

Proof. Let - — , — — e x (E* ) be vector fields on E* , locally expressed by 
ot°- ox' 







6 
St" 


= Ai 




d 

dpy 






S 

5x' 


= n 


^ 4-Xl ^ + t(^) 


d 

-dp]' 


which 
of the 


verify the relations 
map TT**, we get 


(|3.2| 


Then 


taking into a 


ccoun 






K 


= t. K - 


- n A^^'> - 


»(Si 






xt 


= 0, 


x! = 




A-Sl 



These equalities prove the form (|3.3p of the vector fields from Theorem I3.2( 
together with their linear independence. The uniqueness of the coefficients 

N (^j)a and -/Vq)^ is obvious. 

6 5 

Because the vector fields - — and — ^ are globally defined, we deduce that a 

change of coordinates (|2.2p on E* produces a transformation of the coefficients 

A^(j)a and -/V(j)i by the rules p.4|) . 

Finally, starting with a set of functions N = I N ^j^a, ^ (j)i ) which respect 



the rules (|3.4p . we can construct the horizontal distribution Ti taking 



iJ„. — Span \ 



_6_ 



[ St'' 
The decomposition Tu*E* = H^* © Wu- is obvious now. 



y=(^S) (resp.N^I^NSl^) 



Definition 3.3 i) The geometrical entity N 

is called a temporal (resp. spatial) nonlinear connection on E* . 

a) The set of the linear independent vector fields 

is called the adapted basis of vector fields attached to the nonlinear 
connection N = { N,N 

\ 1 2 

Example 3.4 Let us consider that hab{t) (resp. Lp^Ax)) is a semi-Rieniannian 
metric on T (resp. M) and let >c^^(t) (resp. Yjki^)) ^^ ^^^ Christoffel symbols. 
Setting 

|5U>^Lp^ f(SU-7>?, (3.6) 



we obtain that 






is a nonlinear connection on E* — J^* (T,M), which is called the canonical 
nonlinear connection on E* attached to the pair of semi-Riemannian 
metrics hab{t) and (f^Ax). 

With respect to the coordinate transformations (|2.2p the adapted basis p.Sp 
has its transformation laws extremely simple, namely (tensorial ones) 



(3.7) 



-&' 



5 


d? s 


Sf" 


~ (9i" Jfb ' 


5 


dx^ 6 


5x' 


dx^ Sx^ ' 


d 


5? dx' d 



dpf df^ dx3 dp) 



in contrast with the transformations 

The dual basis of the adapted basis (|3.5p is given by 

{dt\dx\5p'i)^X*{E*) (3.8) 

where 

6p1 - dp'i + Nlt)bdt' + N[^,dx^ . (3.9) 



Definition 3.5 The dual basis of covector fields given by Ii3.8\) and LS. 9\) is 
called the adapted cobasis of covector fields attached to the nonlinear 



connection N = { N,N 

1 2 



It is obvious that we always have 



s 

6t^ 


J dt^^ 




6 
St'' 


J dx^ = 0, 


s 

St'' 


\Sp^ = 


= 0, 




6 
Sx'- 


J dt'' = 


= 0, 


S 


J dx^ = Si, 


s 

Sx^ 


J 5p5 = 


= 0, 




d 

dpt 


J dt^ : 


= 0, 


d 
dpf 


J dx^ = 0, 


d 
dp'} 


J ^p' = 


-SaS]- 




30ver, with respect to (|2.2|), we 


; obtain the foUowing tensorial transfer 


mation 








di" 


















dx' 










(3.10) 



dt" dx^ , . 
^' dt^dx'^^ 
As a consequence of the preceding assertions, we find the following simple 
result: 

Proposition 3.6 i) The Lie algebra xiE*) of the vector fields on E* decom- 
poses in the direct sum 

xiE*) = x{nr)®xinM)®xm, 

where 



X {Ht) - Span i — \,X CHm) - Span |^| , X (W) - Span | — | . 



St" 



ii) The Lie algebra x* (E*) of the covector fields on E* decomposes in the 
direct sum 

X* (E*) = X* CHt) ® X* CHm) © X* m , 
where 

X* {Ht) = Span {dt"} , x* {^m) - Span {dx'] , x* (W) = Span {Sp^} . 

Definition 3.7 The distribution Ht (resp. TCm) is called the T -horizontal 
distribution (resp. M -horizontal distribution) on E* . 

Let /iT, hM and w be the T- horizontal, M- horizontal and vertical, respec- 
tively, canonical projections associated to the decomposition of vector fields on 
E*. Then, it is obvious that we have the relations: 

hr + h^f + w = I, h\ = hr, h\f = hM, w'^ ~ w, 
h-r o hM = hM o h-r = 0, hr o w = w o hq- ~ 0, (3-11) 

hM o w — w o hM — 0. 



10 



Starting with a vector field X a x (E*), we denote 

X^-^ = hrX, X^'^' = HmX, X^ = wX. 
Therefore, we have the unique decomposition 

X ^ X^-^ + X'^^" + X^ , (3.12) 

where, using the adapted basis p.Sp . we get 

By means of (I3.7p . we deduce that 

Now, we can give the foUowing important resuhs: 

Proposition 3.8 The horizontal distribution Ti is integrable if and only if for 
any vector fields X,Y (z x i^*) we have 

Proof. Indeed, the Poisson bracket between two T-horizontal vector fields 
X'Hr^ Y'Hr (j.ggp^ M-horizontal vector fields X^*% yWM) qj- between a T- 
horizontal vector field X'^'^ and an M-horizontal vector field y"^"*^ belongs to 
the horizontal distribution Ti. if and only if the preceding three equations hold 
good. ■ 

Proposition 3.9 The vertical distribution W is always integrable. 

A similar theory can be done for 1-forms. With respect to the decomposition 
of covector fields on E* , any 1-form lu E x* (E* ) can be uniquely written in the 
form 

(3.13) 

w _ , , „ „,, 





UJ — 


W^^ + Uj'^''' 


+ w 


where 










LO'^^ -- 


- LJ o hq- , 


uj^''' = 


UJ O 


Hm, uj 


In the adapted cobasis 


(|.1.S|), we 


', have in 


fact 








rli°- _1_ ,.,. 


^n-i , 


^,„W; 



The components Wa, (^i, i^f^-, are transformed by (|2.2p as follows: 

(jJn = UJh. UJi ^ UOi. U), \ ^ U)),i. 
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4 The algebra of distinguished tensor fields 

In the study of differential geometry of the dual vector bundle of 1-jets 
E* = J^* (T, M), a central role is played by the distinguished tensors or, briefly, 
d-tensors. 

Definition 4.1 A geometrical object T = (T,", w.x ] on E* which, with re- 



b3(c)(l). 

spect to a transformation of coordinates \2.'/3^) on E* , verifies the transformation 
rules 

bj(c){i)... fq{g)(s)... Qie Qtb QxP dxi ^55'' dt" ) \di^ dx^ 

is called a distinguished tensor field or a d-tensor. 

Remark 4.2 It is obvious that the vector fields S/5t°-, 5 / Sx"^ , d/dpf of the 
adapted basis are d-vector fields on E* , as the adapted components X"', X^, 
XlV of a vector field X G x i^*)- Also, the covector fields dt"", dx^ , Spf of the 
adapted cobasis are d-covector fields on E* , as the adapted components uJa, LOi, 
W/H of an 1-form a; £ x* [E*). It follows that the set 

1 — — df" dr^ Sn°- 

'5t-'5xi'dpr ' ' ^^ 

generates the algebra of the d-tensor fields over the ring of functions !F{E*). 

Example 4.3 i) If H : E* -^ ^ is a Hamiltonian function depending on the 
polymomenta pf , then the local components 

Q(i)U) _ 1 J^^ 



(o)(b) 2 dp'^dp^ ' 

represent a d-tensor field G = I GI^w^s J . If T = M. and H is a regular Hamil- 
tonian function, then the d-tensor field G can be regarded as the fundamental 
metrical d-tensor g''^ (t, x,p) from the rheonomic Hamilton geometry. 

a) Let us consider the d-tensor field C* = I Cl"s ) , where Cl"s — p^. Particu- 
larly, for T — R, this d-tensor can be regarded as the classical Liouville- Hamilton 
vector field 

C =Pt-^— 

OPi 

on the cotangent bundle T* M , which is used in the Hamilton geometry [17]. 
Consequently, our d-tensor field C* on E* is called the Liouville-Hamilton 
d-tensor field of polymomenta. 

Hi) Let ip^Ax) be a semi-Riemannian metric on the spatial manifold M. The 

geometrical object H = ( -ff,- yt ) , where H\V., — (f^jPl, is a d-tensor field on 

12 



E* , which is called the polymomentum Hamilton d-tensor attached to 
the semi-Riemannian metric ip^Ax). 

iv) Let hab{t) be a semi-Riemannian metric on the temporal manifold T . We 

can construct the d-tensor field J ~ I JY^^jj ■ ) , where 



J, 



(0 



hab5)- 



The d-tensor field J is called the d-tensor of h -normalization on the dual 
1-jet vector bundle E* . 



5 Poisson brackets. The almost product struc- 
ture P 

In applications, the Poisson brackets of the d- vector fields < - — , -^^, — — > 

1^ Oi" ox^ opf J 

from the adapted basis are very important. By a direct calculation, we obtain 

Proposition 5.1 The Poisson brackets of the d-vector fields of the adapted 
basis li3.5\) are given by 



_5_ _5_ 
_S_ d ' 

S d 
Sx^ ' dpf. 



R 



(a) 
{i)bc 



d 



B 



(a) (k) 



d 



B 



{i)b(c) Qpa^ 
(a) (fc) d 



(«)j(c) Qpa ' 



r s 


5 1 


[stb' 


5x^ 


\ ^ 


5 1 


_5xi 


5x^ _ 


' d 


d ' 


dp) 


'dpi 



(a) 



R 



^^(a) 



d 

(i)bk QpU' 

d 



(5.1) 



0, 



where, if N,V, and N^V- are the local coefficients of the given nonlinear con- 
nection N , then 



6N 



R 



(a) 
{i)bc 



(a) 
(z)b 



5t^ 
SN 



1 (*)c 

~lt^' 



R 



(a) _ 
(i)bk ~ 



(a) 
(i)fc 



5N 



(a) 
(i)fc 



5x^ 



SN 



R 



(a) ^ 
(i)jk 



(a) 



5x^ 



St" ' 

sM^l 

2 (»)'= 
Sx3 ' 



dN 



„(q) (fc) _ 
^ii)b(c) - 



(a) 
{i)b 



dpi 



B 



(a) (fc) 



dN'-rl 

2 (*)J 



dpi 



(5.2) 
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Using the relations (|5.ip and the Proposition 13. 81 we get 

Proposition 5.2 The horizontal distribution TL is integrable if and only if the 
following d-tensor fields vanish: 

R^l - 0, i?; J, = 0, r\^1, = 0. (5.3) 

Now, assuming that a nonlinear connection N is given, we can define an 
T {E*)-l[Tiea.r mapping P : x (E*) -^ X (E*), putting 



p(x^^) ^x'^^, p(x^") ^x'^'", p(x^) = -x^, y X e x{e*). (5.4) 

Thus P has the properties: 

PoP = /, P^2{hT + hM) - I ^ I -'2w, rankP = m + n + mn. (5.5) 

Obviously, we have 

Theorem 5.3 A nonlinear connection N on E* is characterized by the ex- 
istence of the almost product structure P on E* , whose eigenspace corre- 
sponding to the eingenvalue —1 coincides with the linear space of the vertical 
distribution W on E* . 

Moreover, taking into account that the Nijenhuis tensor of the almost produs 
structure P is given by 

Afr (X, Y) = p2 [X, Y] + [PX, FY] - P [FX, Y]-¥ [X, PF] , 

we obtain that 

AAp {X^^,Y^^) = iw [X^^,Y^^] , Afp (X«^,y«^^) = 4w [X^^ ,Y^''] , 

Mr {X^^,Y^) = 0, Afp [X^m^y^m) = iw [x'^^S r««] , 

Up {X'^'",Y^) = 0, Afp {X^, Y^) = 0. 

Therefore, we can formulate 

Proposition 5.4 The almost product structure P is integrable if and only if the 
horizontal distribution Ti. is integrable. 

6 A^-linear connections 

A linear connection on E* — J^* (T, M) is an application 

D:x{E*)>ix{En^x{E*), {X,Y) -. DxY, 
having, for all X, Xi, X2, Yi, Y2,Y ex {E*) , / ET{E*), the properties: 
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1. Dx,+x,Y = Dx,Y + Dx,Y, 

2. DfxY - fDxY, 

3. Dx {Yi + Y2) = DxYi + DxY2, 

4. Dx{fY)=X{f)Y + fDxY. 

With respect to the decompositions of type p.l2p , we have 

DxY= h (Dxn^Y'^- + Dxn.^Y'^- + Dx^vY"^-) , (6.1) 

a— 

where Wi = Ht, W2 = Hm and Wq = W. Remark that the entities DxnrY'^'' , 
Dx-hmY^", DxwY^" , a = 1,2,0, are vector fields, not necessarily distin- 
guished. 

Obviously, the linear connection D on E* can be uniquely determined by 27 
local coefficients, which are written in the adapted basis (|3.5p in the form: 



St" 



±_ St' ^ "" St- + "" Sx- + (*)"'= 9p^ ' 



D S Tlh - HbkTn: + HbkT-^ + H,°'..i^^--, (6.3) 



Sx^ 



(5x 



fe 



^ _ ^a(fe) (5 , ^»(fc) ^ , Ma) (fc) 5 






5p| 



9 Qpb - ^ (6)(c) ^^a ^"^ (h)(c) ^^i +^W(b)(c) g^a- 



d_ ^ (^aO-)(fc)J_^^«0-)(fc) J__^^(a)0)(fc) 5 

dpl 
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To work with these 27 adapted coefficients is not imposible, but is laborious. 
We construct in the sequel linear connections whose coefficients are much easy 
to be used. In this direction, let us consider a nonlinear connection N on E* . 

Definition 6.1 A linear connection D on E* is called an N-linear connec- 
tion if it preserves by parallelism the T -horizontal, M -horizontal and vertical 
distributions Tiq-, Tiu cind W on E*. 

In other words, a linear connection is an A'^-linear connection if and only 
if, for any vector field X G x i^*) i ^x carries the T-horizontal vector fields 
into T-horizontal vector fields, the M-horizontal vector fields into M-horizontal 
vector fields and the vertical vector fields into vertical vector fields. Thus, we 
have DxV^^ G x (^t) , DxY'^'' G x (^m) and DxY^ 6 x (W) , which can 
be written in the form 

Dx {hrY) = hrDxY, Dx (/im^) = HmDxY, Dx (wY) = wDxY. (6.5) 

Consequently, we obtain 

Theorem 6.2 A linear connection D is an N-linear connection if and only if 
for any vector field X Cz x (E*), we have 

Dxhr = 0, DxhM - 0, Dxw = 0. (6.6) 

Corollary 6.3 For any N-linear connection D we have 

DxV^O, y X exiE*). (6.7) 

Moreover, we also have 

Theorem 6.4 A linear connection D on E* is an N-linear connection if and 
only if 

where /3 = 1, 2 and Wi = Hr, W2 = Um- 

Consequently, using the adapted basis of vector fields on E* , given by (j3.5p , 
and the above results, we prove without difficulties 

Theorem 6.5 An N-linear connection can be uniquely written in the adapted 
basis of vector fields on E* with 9 adapted coefficients given by the relations: 

^5t^ ''^St'^' ^5x1 ■'■"(5a;'' A 9/ ^W(b)cgpa' 

(5i<= r,„ c. 3 



a 5 

''^St-' 


S 

^ ^ Sx3 - 


^^4^-s 




Sf^ 


St' 




"" S 5x3 


-"'•Hi"". 



J_5t^ ^ ''''St-' _L6xi ~ ^''Sx^' _Ldp''j~ ^mb)kQpa' 
5x^ Sx'^ Sx'^ 



n ^ — - r''^k)_S_ „ _S__^t{k)_S_ „ d _ ^(a)0)(fc) d 
_^5t^ ~ "(") <5r' _^5xi "^^(-)fe'' _^dp] ~ ^WWW dpf 
dpi dpi dpi 
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Definition 6.6 The local functions 

r)V(AT\— ( A°- Ai /l(a)(j) Ija rri TT{a){j) ^,a{k} ^i(k) ^(a)(j)(fe)\ I c o\ 
Ul (^iV ) - yA^,^,A.J^, ^{i){b)c^ -"fcfc' -"jfe' ^(i)(6)fe' '-'6(c) ' ^ j(c) ' '^ (i){b){c) ) V^-^l 

are called the adapted coejficients of the N -linear connection D on E*. 

Taking into acount the transformation laws p.7p of the d- vector fields of the 
adapted basis (j3.5p . by a straightforward calculation, we obtain 



Theorem 6.7 i) With respect to the coordinate transformations 12. 2\) on E* , 
the adapted coefficients of the N -linear connection DT (N) obey the following 
rules of transformations: 



.rf 2n dtf di3 df^ df^ dH" 



{hr) { 



A 



A 



fs dtb df^ di" ar dt^dt" ' 
9x* dx^ di'^ 



MU)^mii) dt- dx'^ dx^ dJf dP c>r dH^ 

{i)ib)c (k)U)9Qld dx^ Q^l dt^ dt'' ' did QtbQtc 



[hKi) < 



„a ^frcdt^di^dx[ 
^bk ^dl g^, g^b g^k ' 



TTL TTl 



dx^ dx^ dx dx d x 



2;ii 



TT7 + 



dx^ dx^ dx^ dx^ dx^dx^ ' 



fj{a)U) ^7j(/)(0 ^^° dx'' dx^ dP dx" dx'' dx^ d'^x^ 

{i)ib)k - ir)ig)sg^f g^t g^l g^b Q^k b g^, g^k Q^r di^ 



Q 



a(fe) 



~d(r) dP dif dx^ dis 



b(c) /(g) gld Qtb dx"- dt'' ' 

(w)l (-.'(fc) _ f^r(s) dx' dx^ djf dx^ 
^ j{c) lU) d^r g^j g^c g^s ' 

^(a)(j)(/c) ^ Md)(r)(s) dt" dx^ dx^ dU dx^ dP 

(i)(b)(c) - (0(/)(s) gld g^t 5Jr Q^b Q^s Q^c ' 

ii) Conversely, to give an N -linear connection D on E* is equivalent to give 
a set of nine local coefficients DT (N) as in 116.8\) . which transform by the rules 
described in i). 

The following result proves the existence of the A^-linear connections on E* . 

Theorem 6.8 // the manifolds T and M are paracompacts, then there exists 
an N -linear connection on E* . 
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Proof. Because the manifold T (resp. M) is paracompact, there exists a hnear 
connection on T (resp. M), whose local coefScients we denote by xtc (^) (resp. 
r^ (x)). Let us consider the local coefficients 

f Si = x>?, n[% = -^;,p^ (6.9) 

B 

which define a nonlinear connection N on E* . Wc set 



BTl N 



{xicAA^liAr],,Hl^^^,OAo) (6.10) 



where 



/l(a)O) _ _XJ' " /7-('')0') - A'^r-' Tfi 111 



Then, BY ( A^ 1 defines an iV-linear connection on E* . 



fB\ 

Definition 6.9 i) The N -linear connection BT [ N \ on E* , which is given 

by the relations Ii6.9\) . W.IO]) and \6.11\) . is called the canonical Berwald 
connection attached to the linear connections xtc (^) '^'^'■^ ^jfc (^)- 

BO / \ 

ii) If we have N = N , where N is given by Ii3.6\) . then BT I N \ is called 

the canonical Berwald connection attached to the semi-Riemannian 
metrics hab{t) and ip^Jx). 

Now, let us consider that _D is a fixed A^-linear connection on E* , defined 
by the adapted local coefficients ()6.8p . The linear connection DT (N) naturally 
induces derivations on the set of the d-tensor fields on the dual 1-jet bundle E* , 
in the following way. Starting from a d- vector field X G x {E* ) and a d-tensor 
field r on E* , locally expressed by 



X = 




T = 


= ^:Sti^^i^^f^d^'^dx^^spi 


we obtain 





DxT = X9D g T + X^'D ^ T + x\l!^D q T = 
ItB I^ dj^ 

— I ygrpai(k){d)... ^srpai(k)(d)... 

~\^ ^cj{b){l).../g+^ ^cj{b}il)...\s^ 



St'' Sx' dpf 
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where 



r 



■ai{k) {d) . . . 



j-rpai{k){d). 



{hr) 



cj(b)(l).../g - 

rpar(k)(d)... ,i 
'^^c'j{b)(l)... ^rg 

_rpai(k){d)... .f 
^ /J (6) (/)... ^cg 



5t9 
pa 

coum 



rpfi{k)(d)... ,a 
'-^cj{b)(l)... ^fg- 



yai(r)(d)... .(/)(fc) 
"'■""" {r)(b)g 



T' 



i(k){d). 



T 



.ai{k){d)... 



ST 



ai{k){d)... 



. Ar _ rpai{k){f)... .{d){r) 
^39 ^cj{b)(r)... ^(l)(f)g 



cj(b)(l)... 



c]{b)(l)...\s 



rpfi{k)(d)... jja _ 
-^C3(b)(l)... ^fs- 



(hAl) < 



_rpar(k){d)... jji 
--^cj(b){l)... ^r 



5x^ 

rpai(r)(d)...jj{f)(k) 
^-^cj(m)...^(r)(b)s + 



_rpai(k)(d)... jjf _rpai(k)(d)...jjr _ rTiai(fc) (/)... rr(d)(r) _ 
^fj(b)(l)... ^cs J-cr(b)(l)... ^]s ^cj{b)(r)... ^{l){f)s 



T 



i{k){d). 



cj(b){l). 



nrpai(k)(d)... 
(s) _ "-^cj(b){l)... 



(9) 



T 



fi{k){d)...^ais) 



cj{b){l). 



{w) < 



_rpar(k){d)... ^i{s) 
~^cj{b)(l)... W(ff) 

rpai(k)(d)...^f(s) 
~-^fj{b}{l)... ^cig) 



dpi 



rpai{r)(d)...Mf)(k)(s) 
■ ^C3(f)(l)...'^(r)(b){g) 






rpai(k){d)...^r(s) 
^cr{b)(l)... '-'jig) 



rpat{k)if)...Md){r)is) 
^cj(6)(r)... ^(IKfKg) 



|W 



Definition 6.10 The local derivative operators "/„", "u" and " \,{ " are 
called the T -horizontal covariant derivative, the M -horizontal covari- 
ant derivative and the vertical covariant derivative attached to the N- 

linear connection DT (N) . They are applied to the local components of an 
arbitrary d-tensor T on the dual 1-jet spaces E* . 

By a direct calculation, we obtain 

Proposition 6.11 The operators "/a", "|i" flTid " \,\ " have the properties: 
i) They are distributive with respect to the addition of the d-tensor fields of 

the same type. 

ii) They commute with the operation of contraction. 

Hi) They verify the Leibniz rule with respect to the tensor product. 

Remark 6.12 i) If T = f is a function on E* , then the following expressions 
of the local covariant derivatives hold good: 



f/ 



'' St^ dtb i(i)bdpf •'1^ 5x1 dxi (2)Wjapf •"('^) dpf 
ii) If T ^Y is a d-vector field on E* , locally expressed by 



Y = ¥"- 



St" 



Y' 



Sx^ 



Y, 



(a) 



(«) 



d 
dpf' 
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then the following expressions of the local covariant derivatives hold good: 



y^a 



(M< 



Y' 



/c 



/c 



Y, 



{a) 



St'' 

5Y' 
ItF 

5Y, 



y'Kc. 



Y^A 



ox'^ 



bk^ 



(a) 



{^)/c 



St'' 



{w)< 



jc 






(hAl) < 



Y' 



SY' 



^^^-^^^- 



Y, 



(a) 



SY, 



(a) 



(«) 



(Olfe 



Sx'' 






^ 1(c)- 5pc +-^ SXc)' 



y; 



(a) |(fe)_ '^\€) 






"(*) '(c) QpC 

Hi) IfT — Loisa d-covector field on E* , locally expressed by 

uj = ujadx"- + ujidx^ + ujvXSpI, 
then the following expressions of the local covariant derivatives hold good: 



(M< 



^^a Ab 

^^^ A J 






{Km) < 



\a)/c - 



Suj 



(a) 



Sf: 



Aibm ,,u) 



^i\k 



SuJj 

Sx^ 



HLuj 



Slj 



(*) 



(a)|fe grjf,k 



k^Oi 



"(j){a)k^(by 



{w)< 



,{k)_ dujg fc(fe) 

^'^ 1(c)- ^-^a(c)'^fc' 
'^»l(c)-^-^(c)'^J' 



W 



(a) 1(c)- 



duj 



dpi 



(°) , r^b)(t)(k) (j) 

+ ^(j){a){c)'^{b)- 



iv) Taking into account that for any 1-form oj G x* {E*) we have, by definition, 
(Dxiu) {Y) = Xuo [Y) - UJ (DxY) , V X, F e x (E*) , 

we find the rules of covariant derivatives for adapted cobasis liS. 8]) of covector 
fields on E* , as following: 

D s d^^ -Aldt\ D s dx'^ -A)Jx\ D j Spl = A^;]}ilSp], 



St" 



St" 



St" 
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Sx^ 5x^ Sx'' 

D^de = -Cli;:^dt\ D^dx^ = -Cf^dx^, D^Spt = Cgjgw^jpj. 
dpl dpl dpl 

B / B 

v) In the particular case of the canonical Berwald N -linear connection BY N 

defined by the relations 116. 9\) . 116. 10\) and 116. 11\) . the local covariant derivatives 
are denoted by "//a","||*" and " \\f^^ ". 

Now, we shall give an application of this paragraph. In this direction, let us 
consider the canonical Liouville- Hamilton d-tens or field of polymomenta on E* , 
given by 

C* -c*"^ — 
~ (») dpf ' 

where C[^n = pf. 

Definition 6.13 The d-tensor fields defined by 

Alt = C["^„ a\''1 = d/'l , d'}''^,^p, = d;h\i\ , (6.12) 

{i)b ('0/6' (lb (')b' WW (OK'')' ^ ^ 

are called the polymomentum deflection d-tensor fields attached to the 
N -linear connection Dr{N). 

By a direct calculation, we find 

Proposition 6.14 The polymomentum deflection d-tensor fields on E* , at- 
tached to the N -linear connection DT{N), have the expressions 



(i)6 ^ (i)6 (i)(c)fc-f'fc' (i)j 2 (Oj («)(c)j-^k' 

„a(a)(i) _ sad ^{a){k){j) r 



(6.13) 



Remark 6.15 The polymomentum deflection d-tensor fields i6.1S\) will be used 
in a future paper for the construction of a generalized polymomentum elec- 
tromagnetic geometrical theory (governed by some generalized Maxwell 
equations), which is derived starting from a given polymomentum Hamil- 
tonian function of non- autonomous electrodynamic kind. 

7 The torsion of an A^-linear connection 

Let D be an A^-linear connection on E* . The torsion T of D is given by 

T (X, Y) = DxY - DyX - [X, r] , y X,Y ex{E*). (7.1) 
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It is obvious that the torsion T can be evaluated by the pairs of d-vector 
fields (X^^rW-) , (xw^rw) , {X^,Y^) , where ^,7 = 1,2 and /? < 7, 
Wi = Hr, VV2 = Hm, and then we obtain the vector fields: 

T{X^P,Y^-'), T(X^^r^), T{X^,Y^). 

Because the A^-linear connection D preserves by parallelism the distributions 
"Ht, T^m and W, and the vertical distribution W is integrable, we find 

Proposition 7.1 The following properties of the torsion T hold good: 

/iMT(X"^,y^^) =0, hMT{X^^,Y^) =0, HtT {X"^^" ,Y'^''') = 0, 

HtT {X^^',Y^) = 0, hrT (X^, Y^) = 0, HmT {X^, Y^) = 0. 

From the preceding statement, we deduce 

Proposition 7.2 The torsion tensor field T of an N -linear connection D is 
uniquely determined by the following components: 



T{X^^,Y'^^) = HtT {X"^^ ,Y'^'^) + wT {X"^^ ,Y^^) , 
T {X^^ , Y'^"' ) = hrT {X^-^ , r^" ) + /imT (X"'^ , y ^*^ ) ^ 

T (X«^, y^) = hrT (X«^, yW) + wT {X^^,Y^) , 

T (x«*^ , y^) = hMT {x^'^' , y^) + wT {x'^'-' , yw) , 



(7.2) 



(7.3) 



T(X^,y^) =u;T(X^,y^), (7.4) 

where in the right part of each equality we have d-tensor fields on E* . 

Definition 7.3 The terms from 1^7.2^ , |7.gp and ^7.4\ l are called the d-tensors 

of torsion of the N -linear connection D. More exactly, hq-T (X'^^ ,Y'^^) is 
called the hr (hrhr) -tensor of torsion of D, ft,MT(X^^, y'^'*'') is called the 
hM {hrhM)-tensor of torsion of D and so on. 

Now, let us suppose that the iV-linear connection D is given in the adapted 
basis (|3.5p by the coefficients DT (N) from (|6.8p . In such a context, we have 

Theorem 7.4 The torsion d-tensors of the N -linear connection D on E* have 
the expressions: 

'^'[stb'6t-)~^(-)-''dpr 
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^^^ ( Sxi 'St-J ~ '^^^ 6t- ' ^^'^ [ Sx^ 'St-J ~ ^^' fe'= ■ 



z^TiAAUt^^) ^ 



1 (V u 1 c(j) ^ (do 






^ [dpy St- ) - "^(^^-("^ dpi' 

/.rTfi AUt.^4, /.mTI"^, M^j.. '5 



^ ' Sx^ ' Sx'J '^ St^ ' *^ V ^x' ' Sx' I ^ "' 5x^ ' 



k 



^ \ dp] 'Sx^J^ *('') 5t- ' ^' [ dp'; ' <5a;' j " '(") <5a: 

ft^T /^A A^ - ocwo) J_ , ^TT /^A A^ - cfcwo) A 

^ 1^ dp'; ' 9pf j ~ ^ (-) (") <5t- ' ''*' 1^ 5p5 ' 9pf j " (") (") fe'^ ^ 

^„t(^A A^ _c(/)wo)A 



where 



^ab — ^ab ^ba' -^afe — "' ^^ (r)a6 ~ -"•(r)ab' 

T^C TTC rjik Ak rjiKJ ) f?^^^ {7 ^\ 

pcU) _ r.c(3) pkU) _ „ p(/) (j) _ „(/) U) .{f){j) 

^a(b) —^a(b)^ ^ a(b) " "' (r)a(6) ^ ^(r)a(fc) ~^ ^(r)(6)a' 



T^C r\ rpk Tjk Tjk rp{j) f?^^^ 

-'j(6) ~ "' i(h) ~ "-"1(6) ' (r)i(6) — ^(r)i(6) ~t'^(r)(fc)i- 



(7.6) 



'5(a)(6)-"' '5(a)(6)-"' '5(,.)(a)(fc) - 1, ('~)(")('') '"M(fc)(a)J ^'-'^ 

and the d-tensors i?[;fj„„ i?[fj^^., i?[^J^^., b{;^)'^[^J and sf/^^j^f)) are given by E 
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Proof. Taking into account the Poisson brackets formulas (|5.ip and (|5.2p . to- 
gether with the description in the adapted basis (|3.5[) of the A^-hnear connection 
DT (iV) given by the local coefficients (|6.8I) , we successively obtain 



hrT 



Sfb ' (5i° 



hrD^ 

Stb 






hrD^ 
5t^ 



_5_ 
'Stb 



hr 



_S_ _6_ 



i^ab ~ ^ba) 



Sf^ 



Consequently, the first equality from (|7.5p is true. In the sequel, we have 



HmT 



6x3 ' St'' 



= hAiD 



_S_ 
5xi 



-hnD 



5 



-h 



M 



5 5 



A'' — 



and the fifth equality from (|7.5p is correct. Then, for example 



uT 



d S \ S 

-r— I = wD g 



d 



dp] ' St'' 



St'' 



A 



dp) 

(T){b)a 



dp) 



B, 



wD g 

W' 
(/) U)\ A. 

ir)aib)) g^f 



d _6_ 
dp^'Jt^ 



and the ninth equality from (|7.5p is true. In the same manner, we obtain the 
other equalities. ■ 

Corollary 7.5 The torsion T of an arbitrary N-linear connection D on E* is 
determined by 12 effective local d-tensors, arranged in the following table: 





hr 


hM 


w 


hq-hq- 


T'ab 





^(r)ab 


hhihr 


rpc 


a J 


p(/) 


whr 


p43) 
a (6) 





p(/) U) 
Ur)a{b) 


huhM 







pU) 


whM 





pkU) 
Ub) 


pif) U) 
(rWb) 


WW 








qumu) 

^(r)(a)(b) 



Example 7.6 For the particular case of the canonical N-linear Berwald con- 

B BO 

nection BT{N), where N = N is given by I13.6\) . all d-tensors of torsion vanish 
except 



'■{r)ab ^ ^ga 



R):<.,. = KabP'r 



R 



if) _ 



nf 



''{r)ij '-rijPsi 

where x„i^i,{t) (resp. r^^Jx)) are the local curvature tensors of the semi-Riema- 
nnian metric hab{t) (resp. Lp^{x)). 
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8 The curvature of an A^-linear connection 

Let D be an iV- linear connection on E* . The curvature M of _D is given by 

R (X, Y)Z = DxDyZ - DyDxZ - D[x,y\Z, "i X,Y,Z ^x [E*] ■ (8.1) 

We will express M by his adapted components, taking into account the de- 
composition (|3.12p of the vector fields on E* . In this direction, we firstly prove 

Theorem 8.1 The curvature tensor field M of the N -linear connection D on 
E* has the properties: 

/imK {X, Y) Z'^^ = 0, vM (X, Y) Z^^ = 0, 
/irR {X, Y) Z^'^' = 0, wM (X, Y) Z^"' = 0, (8.2) 

Ht'R {X, Y) Z^ = 0, /imR {X, Z) Z^ = 0, 
R {X, Y)Z = hrM. {X, Y) Z'^^ + Hm^ (X, Y) Z'^" + wM. (X, Y) Z^ . 

Proof. Because D preserves by parallelism the Hr- horizontal, WM-horizontal 
and vertical distributions, via the formula (|8.ip . the operator M (X, F) carries 
ft,7--horizontal (resp. ft-M-horizontal) vector fields into ft,7--horizontal (resp. Hm- 
horizontal) vector fields and the vertical vector fields into vertical vector fields. 
Thus, the first six equations from (|8.2p hold good. The next one is an easy 
consequence of the first six. ■ 

By straightforward calculus, we obtain 

Theorem 8.2 The curvature tensor M of the N -linear connection D is com- 
pletely determined by 18 local d-tensors of curvature: 

5t^ ' Stb J St^ "''^ 6td ' \St^' St'' J 6x' '^= 6x' ' 
A i_^ A ^ _„(d)W _d_ 

St''' St'') 9pf (l)(a)bcgpd^ 

S 5 \ '5 _ , S f S S\ 5 , S 



Sxi" ' St^ J St" "^^ Sf^ ' ySx^"' Stb J Sx' ''''' Sx' ' 

jL = _k.ww a. 

Sx*'' St'') dpf {l){a)bkQpd^ 

_d_ J_\_^^pd {k)J_ „ f_d_ J_\J_^ pi {k)_S_ 
dpi ' St'' J St'' '^''(=) Sfi ' \dpl' St'' J Sx' ''''^"^ Sx' ' 

^ A\ jL ^ _pww (fc) ^ 

dpi' St'') dpi (O(a)b(c) apd' 

^ S \ S ^,5 ^ f S S \ S „, 5 



— -R„,i. -r-T, R -: — r, T — ' ~: — ' — Ti 



yl 



Sx^ ' Sxi / St" "^'^ Sf^ ' \Sx^' Sx^ / Sx' '''' Sx' 
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S _6_ 



d 
dpf 



-R 



{dm 



d 



dpZ ' 6xi 



J_^pd ik)_5_ 



d 



S 
5x3 



d 
dpf 



(l){a)jkgpd^ 

d _5_\ _5_ 
dpi, ' 5x3 J 5x^ 

(d)W (fc) d 
dpf 



P, 



{l){a)j{c 




dU)ik) 



d d 



a(b){c) g^d' 



\dpl' dpy dpf 
which we can arrange in the following table 






pi {k)_5_ 
'3{c) S^l ' 



(J)(fc) 



S 



dpi ' dp^ I 5x'^ 
{d){t)ij){k) d 



i{b){c) g^l ■' 



{l)(a)(b){c 



dpf 





hr 


hM 


W 


hq-hq- 


R-abc 


Kbc 




hnhr 


R-abk 


^ibk 


^{l){a)bk 


whr 


pd (k) 


I (k) 
^ib(c) 


pidm (fc) 

Ul)(a)b(c) 


hmhrn 


^ajk 


Til 

^ijk 


^{l)(a)jk 


wHm 


pdik) 
aj(c) 


pi {k) 


pWW (k) 
Ul)(a)j(c) 


WW 


^a(b)ic) 


qlU)(k} 

^^(b)(c) 


q(d)(i)Um 



(8.3) 



Theorem 8.3 The local curvature d-tensors i8. 3]) are given by the following 
formulas: 



pd 
^abc 



pd 
^abk 

d (k) 



P 



ab{c) 



TDCL 

^ajk 



P 



d (k) _ 



:;d{j)(k) 
'a(fc)(c) 



5t'' 
5x'' 
dpl 

5x^ 
dpl 



5t'' 
5t'' 



4bA% 



C 



SJKk 

5x3 



KbHfk 



^ac^fb 



HikAjb 



d{k) 
a{c)/b 



rd(r) pU) (fc) 



Tf 



HiM% - Hi,.H 



dC 



dU) 
a{b) 



dpi 



aj-^-^fk 



f 



rd(r) „(/) 
^a(f)^{r)bc^ 



rd{r) p(/) 



ak-^ Ij 



fjd{k) 
a(c)|j 

dp] 



rdir) pU) (fe) 



rf(3)r'^ik) 



r<d(r) pif) 
^a{f)"-{r)jk^ 
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7 7?' - ^^'b ^^'c I Ar Al ^ A^ A^ -L r'^''^ Z?^-^^ 

pi _ "^ib "^ik , Ar ttI Tjr Al i r'K'") n(/) 

^- -"ibfc - -g^ -g^b~ ^ ^tb^rk ^ik^rb + ^r(f)^{r)bk^ 

Q p' (fe) _ ^^»b _ W(fc) , r'^(r) p(/) (fc) 

■^- ^ibic) - QpC^ ^r(c)/b + ^2{f)Ur)b(c) ' 

in pi _ »i °^ik TTT ttI TTr ttI , ri^ir) rjif) 

'1^ ^ "fefe S^+^^3^rk-^^k^rJ+(-^(f)^(r)Jk^ 

1 1 p' (fe) _ ^^ij _ r^Kfe) , r'^if) p{r) (fe) 
-^-^- 'UM - dpi ^ii'=)U^^'Kr)Uf)J(c)' 

-L^- -^JWW - Qpc g^b +<-i(b)W(c) '-..(c) W(b)' 

'^^(OWb __ "^(O(a)c , Ad){T) .(/)(i) _ 

13. i?jjgj,^ = ,5i- (Ji" + ^(0(/)b^(r)(a)c 

^(0(/)c^(r)(a)b + ^(l)(a)(f)^{r)bc^ 
''^(OMb __ °^(l)(a)k .(d)(r) „(/)(i) _ 

14. i?[J(3,, = ,5a;* Ji" + ^(0(/)b^('-)(<«)fe 

_TT{d)(r) Af)(t) , ^(d)W(r)p(/) 
-«(;)(/)fe^(r-)(a)b + ^(0(a)(/)-«(r)bfc' 

ic p(d)W (fc) _ " (l)(a)b Mdm(k) , ^W W W) „(/) (fc) 

-L°- -^(O(a)b(c) - QpC^ '-(0(a)(c)/b+'-(0(a)(/)^(r)b(c) ' 

(')(°)J _ "^(')Wfc , rrWW) „-(/)« _ 

16. i?^f?/t, = ,5a;* Sx^ '^ ^WU)j-"ir){a)k 



•'{l)ia)jk 



TT{d)(r) rrifW) , ^(d)(i)(r) p(/) 
-"{l){f)k^{r)(a)j + '-(0(a)(/)^(r)ife' 



plJT(d)(i) 
1- p(rf)(i) (fc) _ '^•"(0(a)3 nid){i){k) ^(d)(i)(r) -pif) (k) 

^'- Ul){a)j{c) - QpC^ ^ma)ic)\j~^^{l)(a)(f)Ur)j{c) ^ 

nr^d}(i)(j) ^^{d)(i)(k) 

"'^il){a){b) _ ^'-^(0(a)(c) ^(d)(r)a)^(/)(»)(/c)_ 

18 c.(d)W(i)(fc) dv'r dv'' '^^{l)ifKb)^ir)ia)ic) 

!«■ ^(0(a)(b)(c) = ""Pk Op^ 

_^Md){r){k)MfmU) 
^(0(/)(c) ^(r)(a)(b)- 

Proof. Taking into account the description in the adapted basis p.5p of the 
A^- linear connection DT (N) given by the local coefficients (|6.8I) , together with 
the formulas (|5.ip and (|5.2p . we obtain, for example, 

_9_ _5_\ _9_ ^ _p{d)(i) (k)_d_ ^ 
dpi' St^J apf (O(a)Kc) apd 
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D 



d 


d 






d D S Qpa - 


-DsD d ,^a~ 


~U 


' d 5 


dpi St^ 


Stb dpi 




[dpl'Stb 



d 

dpi 



-D 



dpl 



A 



um 9 



D 



Stb 



c. 



umik) d 

(r)ia)ic) Q^f 



r(/) (fc)n „ _^ 

^(r)b(c) ^ d Qpa 



dp- 



/ 



0'^(i)(a)6 d 



^(/)W Q<idKr)ik) d 



dpi dp''' (^)(°-)'' (0(/)(c) Qpd 



<'^(0(a)(c) d 



rif)(^)(k) Ad){r) _d_ 

St'' dp'' ('■)(«)W(0(/)bapd 
Therefore, we have 



r(/) (k) ^id){t)(r) d 
^ir)b(c)'-^(l)ia){f)Qpd 



oidm (fc) 
il)ia)bic) 



dpi 



^(r)(a)6^(0(/)(c) 



.Mdm(k) 

Stb 



^{r)(a)(c)^il)(f)b 



r(/) (fc)^(d)«(r) 



Now, using the formula of T-horizontal covariant derivative, we get 



C. 



(d)(i)(fe) 

(0(a)(c)/b 



c^(d)W(fc) 
'""(0(a)(c) 



^(/)(i)(fe) A{d)(r) ^,(d){r)(k) .(f)(i) 



, ^WW(r) .(/)(fc) 
+ '-'(0(a)(/)^M(c)6' 

and, consequently, interchanging the underlined terms, it follows 



P, 



(dm (k) 

(l){a)bic) 



dpi 



Mdm(k) , ^,(d){i){r) pif) (k) 
^{l)(a)(c)/b + ^{l){a)Ur{r)b{c) ' 



where we also used the last formula from (|7.5p . Obviously, this is the 15 
relation of the above lot. 

The other equalities are given in the same manner. ■ 



-th 



/o\ 

Example 8.4 For the canonical Berwald N -linear connection BT \ N \ , which 

is associated to the pair of semi-Riemannian metrics habit) and ip^Jx), all local 
curvature d-tensors vanish, except 



nd _ d TD(d)(i) 

"-abc — ■'^abc: ^(l)(a 



(l){a)bc 



-S]h'' 



l^abc^ 






'■ijkJ 



R 



(dm 

{l)(a)jk 



S'r^ 



a'- Ijk^ 



where >c^i,c{t) (resp. '^\j]~{x)) are the local curvature tensors of the semi-Riema- 
nnian metric hab{t) (resp. Lp^Ax)). 
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